
R O U G H  E S T I M A T E  OF T H E  H E A T  T R A N S F E R  C O E F F I C I E N T  

IN L A M I N A R  A N D  IN T U R B U L E N T  F L O W  T H R O U G H  

F L A T  C H A N N E L S  

Y u .  A.  G a v r i l o v  a n d  G. N. D u l ' n e v  UDC 536.242 

Approximate formulas  are  proposed for est imating the coefficient of convective heat t ransfer  
in laminar  and in turbulent flow at the entrance to a flat channel. 

We consider  the convective heat t ransfer  during the flow of fluid through the entrance segment of a 
fiat channel, whore both the velocity profile and the tempera ture  profile originate.  We will make the fol- 
lowing assumptions usually stipulated in such problems [1]: the flow and the heat t ransfer  p roces se s  a re  
steady, the physical  proper t ies  of the fluid are  constant, the tempera ture  and the velocity at the channel 
entrance (x = 0) are  uniform over  the c ros s  section, a constant thermal  flux density is maintained at the 
inside wall surface,  energy iosses  and heat conduction in the axial direct ion are  negligible. 

A s imi lar  problem of laminar  flow was solved by Siegel and Sparrow [2] and was considered in [1, 3]. 
An exact solution for the initial hydrodynamic and thermal  stages of a channel was presented in a ra ther  
unwieldy form very  difficult to use In engineering pract ice .  With an insignificantly l a rge r  e r ro r ,  however, 
it is possible to derive sufficiently simple relat ions.  

It has been shown in [1, 2] that at x -> l i the Nusselt  number is constant and equal to 

ah' 
Nu= = m = 4.12, (1) 

while at sufficiently short  distances x the equation of local heat t r ans fe r  for a s t r eam along an immersed  
plate 

1 

= ~ pr-F" (2) 

is applicable. We WIll assume,  fu r thermore ,  that Eq. (2} is valid for  the entire initial stage. We con- 
s ider  a fluid with the Prandt l  number  P r  ~ 1, where both the hydrodynamic and the thermal  initial s tages 
are  of equal length. That length is determined,  according to [1], f rom the equality 

l i = axhRe. (3) 

Fac to r  at is assumed constant. Its value depends on the conditions under which the edges of the boundary 
layer  and the coordinates of their  terminat ion in the channel are est imated.  At x < l i, the velocity and the 
tempera ture  of the fluid in the outer edge region of the boundary layer  approach asymptotical ly their  main-  
s t r eam values as that edge moves c loser  to the axis. At x ~ l i the thickness of the boundary layer  ap-  
proaches  0.5 h, also asymptotically,  with increas ing x. For  this reason,  in rough calculations we allow 
some leeway in defining at.  We will determine at f rom (2) and (3), letting x = l i and Nu = 4.12: 

2 

a~ ---- 0.0t25Pr --~-. (4) 

Then, taking into account (4), we inser t  into (2) the value of hRe f rom (3): 

Institute of Prec is ion  Mechanics and Optics, Leningrad.  Transla ted f rom Inzhenerno-Fizicheski i  
Zhurnal, Vol. 23, No. 4, pp. 612-617, October, 1972. Original ar t ic le  submitted April  26, 1972. 

�9 1974 Consultants Bureau, a division of Plenum Publishing Corporation, 227 [Fest 17th Street, New York, N. Y. 10011. 
No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the publisher. A 
copy of this article is available from the publisher for $15.00. 

1228 



Nu 

ea t ~  

~,le I I 
/a-3 zre /a -r / z . ~  

~e z 

NUt/ 

"Nudo o 

t e !~ \  t 

t'~ 5 

Fig .  1 F ig .  2 

i 

m x /d  

F i g .  1. Hea t  t r a n s f e r  coe f f i c i en t  in l a m i n a r  flow: so l id  l i n e s  r e p r e s e n t  
e x a c t  so lu t ion ;  d a s h e d  l i n e s  r e p r e s e n t  a p p r o x i m a t e  so lu t ion .  

F ig .  2. C o m p a r i s o n  b e t w e e n  a p p r o x i m a t e  and e x p e r i m e n t a l  r e l a t i o n s  
e = e(x) fo r  t u r b u l e n t  f low: 1) u p p e r  d a s h e d  l ine  a c c o r d i n g  to [13] wi th  
Re d = 7 .1 .  103; 2) [ t3],  Re d = 7 . 2 . 1 0 s ;  3) [15]; 4) [11], K == 20%; 5) 
[11], K = 0; 6) f o r m u l a  (15); 7) f o r m u l a  (16). 

T A B L E  1. Va lues  of  l i  and  n in  (8) fo r  
L a m i n a r  F l o w  

Pr t i n , 

0,6>Pr 

0,6~Pr ~ I0 

Pr>10 

0,029 h Pe 
2 

0,0125 Pr 3 h Re 
5 

0,0243 Pr g hRe 

0,5 

0,5 

0,4 

(t, 
Nu ~ 4.12 . (5) 

\ x /  

The va lue  of Nu a t  0 < x -< l i wi l l  be d e t e r m i n e d  f r o m  the 
r e l a t i o n  

1 1 ; dx (6) 
~u ' - -  x Nu ' 

0 

and a t  x ~ l i  a c c o r d i n g  to the f o r m u l a  

Nu = l i N u l  + ( x - - l i )  N u ~ .  (7) 
X 

On the r i g h t - h a n d  s ide  of (7) Nuoo -- 4.12 and Nu 1 i s  t aken  f r o m  (6) a t  x = l i .  We f i na l l y  have  

(5; N u =  Nu~; Nu = . ( I  + n )  Nuo~ at x ~ l  i, 
(8) ( '*) N u = N u ~ ; N u =  I + n  Nu~ at x > l  i. 

X 

L e t  us  c o m p a r e  th i s  a n s w e r  wi th  the e x a c t  so lu t ion .  The  r e l a t i o n  Nu -- f(x), which  h a s  been  b a s e d  in 
[1] on the e x a c t  so lu t ion ,  i s  shown in F ig .  1 by  so l id  l i n e s .  On the d i a g r a m  is  a l s o  shown a d a s h e d  l ine  
r e p r e s e n t i n g  Eq.  (8) f o r  P r  = 0.7. Ev iden t l y ,  the a p p r o x i m a t e  so lu t i on  (8) a g r e e s  f a i r l y  we l l  with the e x a c t  
one. 

For a Prandtl number very different from unity, it is suggested that the values of n and I i in Eqs. 

(8) be taken from Table i. The dashed lines in Fig. I, calculated for Pr = 0.01 and Pr = 50, are shown 

here for comparison. The agreement is satisfactory. We note that in [4] are also given various formulas 

f o r  c a l c u l a t i n g  the N u s s e l t  n u m b e r  fo r  a l a m i n a r  f low a long  a p l a t e ,  a s  a func t ion  of the l i m i t s  of  p o s s i b l e  
P r a n d t l  n u m b e r  v a l u e s  g iven  in T a b l e  1. 

We wi l l  now p r o c e e d  to a n a l y z e  the h e a t  t r a n s f e r  in a t u r b u l e n t  s t r e a m .  In th i s  c a s e ,  a s i ng l e  f o r -  
m u l a  i s  g iven  in [4] fo r  a s t r e a m  a long  a p l a t e  with any va lue  of  the P r a n d t l  n u m b e r .  The  hea t  t r a n s f e r  in 
the s t a b i l i z e d  channe l  s e g m e n t ,  h o w e v e r ,  d e p e n d s  on the P r a n d t l  n u m b e r .  We wi l l  a n a l y z e  the hea t  t rans- :  
f e r  fo r  the c a s e  of a l iqu id  and g a s e s  only .  F o r  the s e g m e n t  of s t a b l e  h e a t  t r a n s f e r  we u s e  the  f o r m u l a  in 
[5]: 

ad = 0.022 Re~ ~ (9) 
Nu~- - -  L 
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F o r m u l a  (9) h a s  been  ob t a ined  fo r  channe l s  wi th  c i r c u l a r  s e c t i o n s ,  bu t  i s  a p p l i c a b l e  a l s o  to f l a t  and 
r e c t a n g u l a r  c h a n n e l s  [6-8].  F o r  a f i a t  channe l  one m a y ,  t h e r e f o r e ,  u s e  the  r e s u l t s  of  hea t  t r a n s f e r  s t u d i e s  
m a d e  on a c y l i n d r i c a l  tube.  It i s  a l so  obv ious  tha t  the h e a t  t r a n s f e r  in a t u r b u l e n t  s t r e a m  de pe nds  v e r y  
l i t t l e  on the b o u n d a r y  cond i t i ons  a t  the wa l l  s u r f a c e s  [8-10].  In the channe l  e n t r a n c e  s e g m e n t ,  h o w e v e r ,  
the  h e a t  t r a n s f e r  depends  a d d i t i o n a l l y  on the i n i t i a l  s t r e a m  t u r b u l i z a t i o n  and on the shape  of the e n t r a n c e  
edge  [11-14]. 

Mos t  s t u d i e s  c o n c e r n i n g  the h e a t  t r a n s f e r  in tubes  (for e x a m p l e ,  [12, 13]) w e r e  m a d e  with a s t a b l e  
v e l o c i t y  p r o f i l e  a t  the e n t r a n c e  to the h e a t e d  s e g m e n t .  In [13] the h e a t  t r a n s f e r  in a c y l i n d r i c a l  tube was  
s t ud i ed  so  a s  to t ake  into accoun t  the l ong i tud ina l  f low of h e a t  a long  the  w a l l s  and  th rough  the l iqu id .  It 
h a s  been  shown t h e r e  tha t  the s e g m e n t  of t h e r m a l  s t a b i l i z a t i o n  i s  not  o v e r  30 d i a m e t e r s  long  and may ,  
wi th in  5% a c c u r a c y ,  b e  conf ined  to a d i s t a n c e  up to 16 d i a m e t e r s  long.  The  v a l u e s  ob t a ined  fo r  e, i . e . ,  
the r a t i o  NUd/NUd~ o of the l o c a l  N u s s e l t  n u m b e r  to the N u s s e l t  n u m b e r  at  in f in i ty  a r e  shown in F ig .  2 by  
d a s h e d  l i n e s  fo r  P r  = 0.8. Curve  1 c o r r e s p o n d s  to Re d = 7.1 �9 103 and c u r v e  2 c o r r e s p o n d s  to R e d  = 7.2 
�9 105. The  c u r v e s  c o r r e s p o n d i n g  to i n t e r m e d i a t e  v a l u e s  of  Re d wi l l  l i e  b e t w e e n  t h e s e  two. Wi th in  the s a m e  
r a n g e  we f ind the c u r v e s  fo r  P r  = 0.71 and Re d :: 3.  103-5 �9 104 [12] c o r r e s p o n d i n g  to h e a t  t r a n s f e r  wi th  a 
cons t an t  t h e r m a l  f lux a t  the w a i l s .  I t  h a s  b e e n  a s s e r t e d  in  [15] tha t  the h e a t  t r a n s f e r  p r o c e s s  s t a b i l i z e s  
o v e r  a d i s t a n c e  I i = 16.5d,  and  v a l u e s  f o r  E have  b e e n  o b t a i n e d  t h e r e  which  a r e  shown in F i g .  2 b y  the s o l i d  
l ine  3. Th i s  l ine  s p l i t s  a t  x < 1.5d into a f a m i l y  of c u r v e s  r e p r e s e n t i n g  d i f f e r e n t  v a l u e s  of the R e y n o l d s  
n u m b e r .  The  u p p e r  b r a n c h  c o r r e s p o n d s  to Re d = 5" 103, the l o w e r  b r a n c h  c o r r e s p o n d s  to Re = 10 ~. Curve  
3 wi th  an u p p e r  b r a n c h  a p p r o x i m a t e l y  f i t s  the  equa t ion  

8 = 1 . 3 8  ( l O )  

p r o p o s e d  in [5]. 

The e f fec t  of  i n i t i a l  s t r e a m  t u r b u l i z a t i o n  was  s t u d i e d  in [11], w h e r e  the fo l lowing  r e l a t i o n s  w e r e  s u g -  

g e s t e d :  
1 (+F e =  A ; t i = d A m ,  (11) 

with A =: 1.35 + 0.04K, m = 0.17 + 0.006K, and K = A u / u  (%). 

The  d a s h e d - d o t t e d  c u r v e s  4 (for K = 20%) and 5 (for K = 0) in  F i g .  2 have  b e e n  p l o t t e d  a c c o r d i n g  to 
Eq.  (11). The  i n i t i a l  s t r e a m  t u r b u l i z a t i o n ,  e s t i m a t e d  in  t e r m s  of  the  K a r m a n  n u m b e r  V, ( m e a n - o v e r - t h e -  
s e c t i o n  r a t i o  of the m e a n - s q u a r e d  p u l s a t i o n s  of  a x i a l  v e l o c i t y  Au to the m e a n  s t r e a m  v e l o c i t y  u),  i s  u s u a l l y  
not known in the so lu t ion  of a p p l i c a t i o n  p r o b l e m s .  

It fo l lows  f r o m  F i g .  2 that  the  v a r i o u s  e = e (x /d ;  Re) c u r v e s  o b t a i n e d  by  d i f f e r e n t  a u t h o r s  do s i m i l a r l y  
r e f l e c t  the t r e n d  of the r e l a t i o n  b e t w e e n  e and Re .  In m a n y  c a s e s  the e = e(Re) c u r v e s  cannot  be  c o m p a r e d ,  
i n a s m u c h  a s  they  have  been  ob t a ined  fo r  d i f f e r e n t  t e s t  cond i t i ons  (shape of  the in le t  edge ,  i n i t i a l  t u r b u l i z a -  
l ion,  e t c . ) .  B e s i d e s ,  t h e r e  a r e  not su f f i c i en t  t e s t  da t a  a v a i l a b l e  fo r  m a k i n g  c o r r e c t  g e n e r a l i z a t i o n s .  We 
a n a l y z e  the  r e l a t i o n  e = f (x /d)  in  the  f i r s t  a p p r o x i m a t i o n  on ly ,  t h e r e f o r e ,  and  a v e r a g e  out  the  e f f ec t  of o t h e r  
p a r a m e t e r s .  

We a s s u m e  tha t  the hea t  t r a n s f e r  c o e f f i c i e n t s  fo r  the channe l  e n t r a n c e  s e g m e n t  can  be  e s t i m a t e d  a c -  
c o r d i n g  to the f o r m u l a  ana logous  to tha t  fo r  a t u r b u l e n t  s t r e a m  a long  a f i a t  p l a t e  [4]: 

Nu x = as Re ~ . (12) 

Mul t ip ly ing  both s i d e s  of th i s  e q u a l i t y  by  d / x ,  we have  

The  cons t an t  coe f f i c i en t  a 2 wi l l  be  d e t e r m i n e d  f r o m  the cond i t ion  tha t  a t  x = l i = 16d the r i g h t - h a n d  s i d e s  
of  (9) and (13) b e c o m e  i d e n t i c a l :  

a2 = 0,038Pr ~ (14) 

Div id ing  (13) by  (9), wi th  (14) t aken  into accoun t ,  we have  fo r  x -< 16d 

e = 1.74 (15) 
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Equat ion  (15) i s  r e p r e s e n t e d  by  c u r v e  6 in F ig .  2. We wi l l  u s e  the a v e r a g e  va lue  of the p o w e r  exponent  in 
(10) and (15), m a k i n g  i t  equa l  to - 1 / 6 ,  and wi l l  w r i t e  

~ =  1.6g - -  -6- at x ~  20d. (16) 
\ x , 

The  f a c t o r  1.65 in (16) has  been  ob ta ined  f r o m  the cond i t ion  e = 1 a t  x = 20d. Curve  7 has  been  p lo t t ed  a e -  
c o r d i n g  to (16) and i s  a m o r e  conven ien t  a v e r a g e  fo r  the v a l u e s  ob ta ined  in t h e s e  s t u d i e s  of hea t  t r a n s f e r  in 
c h a n n e l s .  

In o r d e r  to d e t e r m i n e  the m e a n  va lue  Of Nu d, we wi l l  u s e  r e l a t i o n s  of the (6) and (7) k ind .  Then ,  a f t e r  
n e c e s s a r y  c a l c u l a t i o n s  and t r a n s f o r m a t i o n s ,  we a r r i v e  a t  f o r m u l a  (8). F o r  a t u r b u l e n t  s t r e a m ,  h o w e v e r ,  
the g o v e r n i n g  d i m e n s i o n  in (8) i s  the equ iva l e n t  d i a m e t e r ,  with l i  = 20d and n = 1/6 .  The  a p p r o x i m a t e  f o r -  
m u l a s  (8) a r e  r e l a t i v e l y  s i m p l e  and m a y  be  r e c o m m e n d e d  fo r  p r a c t i c a l  c a l c u l a t i o n s .  

NOTATION 

x is the longitudinal coordinate; 
I i is the length of the initial segment; 
o~ is the coefficient of convective heat transfer; 
h i s  the t h e r m a l  conduc t i v i t y  of  the f luid;  
h i s  the  d i s t a n c e  b e t w e e n  the channe l  w a l l s ;  
d i s  the e q u i v a l e n t  h y d r a u l i c  d i a m e t e r ;  
Nu i s  the N u s s e l t  n u m b e r ;  
Re  i s  the R e y n o l d s  n u m b e r ;  
P e  i s  the P e e l e t  n u m b e r ;  
P r  i s  the P r a n d t l  n u m b e r ;  

is  the K a r m a n  n u m b e r ;  
e = Nu/Nu~o. 

S u b s c r i p t s  

~o d e n o t e s  beyond  i n i t i a l  s e g m e n t ;  
d, x deno te  g o v e r n i n g  d i m e n s i o n s ;  
b a r  a b o v e  a s y m b o l  deno t e s  the  a v e r a g e  va lue .  
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